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Abstract 
A method for controlling the global nonlinear dynamics of mechanical systems is applied to an archetypal model of a 
guyed tower. This structure has coincident or nearly coincident buckling modes, and may fail at load levels well 
below the theoretical buckling load due to complex nonlinear phenomena that decrease the safety and the dynamic 
integrity of the structure; this often occurs as a consequence of imperfections and of the erosion of the basins of 
attraction of the safe pre-buckling solutions. So, it is of paramount practical importance to increase the safety of these 
structures in a dynamic environment. This can be achieved by increasing the integrity of the basin of attraction of the 
safe solutions, that in the present investigation is attained by a control method that consists in the optimal elimination 
of homoclinic intersections by properly adding superharmonic terms to a given harmonic excitation. By means of the 
solution of an appropriate optimization problem, it is possible to select the amplitudes and the phases of the added 
superharmonics in such a way that the manifolds distance is as large as possible. The results show that this 
methodology increases the integrity of the basins of attraction of the system and, consequently, the practical safety of 
the structure. 
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1. Introduction 
Cable stayed masts, with slack or pre-tensioned cables, are used in several engineering fields like off-
shore, mechanical, civil, naval, telecommunications, aerospace, etc. The analysis of cable stayed 
structures has been the object of several investigations in the last decades, in both scientific and technical 
literature [1-4]. The main characteristic of these structures is that they are very slender, and so 
automatically behave nonlinearly, both in the static and in the dynamic regimes. Therefore, the knowledge 
of their nonlinear behavior is of great interest to engineers and scientists. In the present paper some 
aspects of the nonlinear dynamics of an archetypal model of a guyed tower are studied, paying attention to 
its load carrying capacity, which is a fundamental requirement of this kind of structures. 
The static stability analysis of the model was performed by Thompson and co-workers [5, 6]. They 
showed that this model displays a complex post-buckling behavior with a strong modal coupling leading 
to several unstable post-buckling paths. In such cases, the load-carrying capacity of the structure is 
governed by the unstable branches of the post-buckling response. 
Due to the buckling mode interaction, these structures are sensitive to geometric imperfections, and 
may lose stability at load levels well below the critical load of the perfect system. Actually, the maximum 
stable load attained by the perfect system is an unsafe upper bound of the load carrying capacity of the 
system, as shown by Koiter [7]. The studies based on the local stability analysis of an equilibrium 
configuration, however, provide no information on the safety of the equilibrium state. In fact, the 
“practical” critical load attained by a real structure can be lower due to the effects of unavoidable 
disturbances during the service life of the structure [8]: for load levels lower than the maximum stable 
static load, these systems are characterized by a multi-well potential, and trajectories may escape from the 
pre-buckling well as a consequence of small, though finite, dynamical perturbations. 
The choice of a safe load level for design then becomes a difficult task for the engineer, and requires a 
detailed dynamical analysis. The reduction of the load carrying capacity due to possible escape is related 
to the reduction of the dynamical integrity [8, 9], and can be evaluated by analyzing the evolution of the 
basins of attraction of the safe (in-well) solutions as a function of the load parameters. Recent studies have 
shown that the safe basin decreases swiftly and becomes zero at the static stability critical load [10, 11]. 
A global analysis is necessary to understand the problem and to evaluate the degree of safety of the 
pre-buckling configuration [8, 12, 13]. For the considered mechanical model, this study has been made by 
the authors in [14], where a detailed escape analysis is performed and where the erosion and integrity of 
the basins of attraction of the stable solutions are investigated. That paper shows how the tools of 
nonlinear dynamics can help in the understanding of the safety and the integrity of the model, thus leading 
to a safe structural design. 
The main goal of the present work is to continue [14] by passing from the analysis to the synthesis, i.e. 
by implementing and applying concepts and tools aimed at increasing the global safety of the stable 
solution. This is done by using the knowledge developed in [14] and the results therein obtained. 
The reduction of safety is triggered by global (homoclinic or heteroclinic) bifurcations, since the 
boundary of the safe basin is the stable manifold of the saddles lying on the contour of the safe pre-
buckling well. For the undamped case, these are homoclinic or heteroclinic orbits connecting the saddles. 
For increasing load, the safety diminution is related to the penetration of eroding fractal tongues into the 
safe basin, which is driven by the development of stable and unstable manifolds intersections. Thus, the 
possible elimination of these manifolds intersections provides a reduction (or even an elimination) of the 
basins fractality, which in turn entails increasing the safety of the in-well solution and the load carrying 
capacity of the system. 
Based on the previous considerations, in this paper a method for controlling nonlinear dynamics and 
chaos, developed by Lenci and Rega [15] and tested on various mechanical systems [16, 17], is 
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implemented and applied to the considered simplified model of a guyed tower under a base motion. The 
method consists of the optimal elimination of homoclinic (or heteroclinic) intersections by properly 
adding superharmonic terms to a given harmonic excitation. By means of the solution of an appropriate 
optimization problem, it is possible to select the amplitudes and the phases of the added superharmonics 
in such a way that the manifolds distance is as large as possible. 
The elimination of the intersections permits to remove from the system dynamics various nonlinear 
phenomena, such as chaotic transients, sensitivity to initial conditions and fractal basin boundaries. The 
latter, in particular, is the searched desirable effect that permits to reduce the basin erosion and thus to 
increment the dynamical integrity and the safety, which is the main goal of this work, as already said. This 
entails a safer use in practical applications, as well as an increment of the “practical stability” threshold 
[8], which are very welcome from a designer point of view. As a by-product, this paper highlights the 
meaningfulness of chaos control as regards the design of discrete and continuous systems liable to 
unstable buckling. 
This paper is organized as follows. In Section 2 the governing equation of the considered mechanical 
system is presented, and the main dynamical issues are discussed. The control method is summarized and 
applied to the specific case in Section 3, while in Section 4 the effectiveness of the method is 
demonstrated by means of different tools. The paper ends with some conclusions (Section 5). 
2. Mechanical Model 
Consider the simplified model of a vertical cable stayed tower shown in Fig. 1. It is an inverted spatial 
pendulum composed of a slender, rigid and massless bar of length l, pinned at the base and with a tip-
mass m. It is embedded in a constant (downward) gravitational field whose acceleration is g. The lateral 
displacements are restricted by three linear springs, initially inclined at 45°. The first spring of stiffness k1, 
is located in the y×z plane, while the others, of stiffnesses k2 and k3, are located symmetrically about the y 
axis, with their positions defined by the angle . The two degrees of freedom are u1 = sin 1 and u2 = sin 2, 
where 1 and 2 are the pendulum rotations in the vertical planes x×z and y×z, respectively [11]. 
Thompson and Gaspar [5] showed that if =120° and k1 = k2 = k3 = K/3, which is the case considered here, 
the model displays two coincident buckling loads and three vertical planes of symmetry s = 30°, 90° and 
150°. 
When considering the forced dynamics, in the uncontrolled case the system is subjected to a harmonic 
base excitation, Db(t), acting at an angle  with respect to the x axis (Fig. 1). Db(t) is decomposed into two 
components, ub = Fb cos  sin( et) in the x direction and vb = Fb sin  sin( et) in the y direction, where Fb is 
the excitation base displacement and e the excitation frequency. 
The dimensionless damped forced equations of motion of the considered mechanical system have been 
obtained in [11, 14] by the extended Hamilton principle, and contain both geometric and inertial 
nonlinearities. They are 
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where dot means derivative with respect to the dimensionless time  = et,  = e/ p, p2 = g/l, F = Fb/l, 
 = P/Pcr, P = mg, Pcr = Kl/4 and i are the damping factors. 
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Fig. 1. The guyed mast. 
The system (1) reduces to a single degree of freedom (sdof) model when excited in the directions of 
symmetry s = 30°, 90° and 150°. In fact, it is easy to see that, for example, when s = 90° we can assume 
u1 = 0 and u2 = u. The first equation is automatically satisfied, while the second becomes 
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so that the dynamics decouple and belong to a planar 2D manifold of the full 4D phase space. In this 
paper we consider only this case, and the application of the control method to the full dynamics, which 
requires more difficult theoretical issues and challenging numerical simulations, is left for future works. 
The last mechanical issue we consider is constituted by the geometrical imperfections, which could be 
very important since the considered structure has coinciding buckling modes and so is sensitive to defects 
[7]. To model these phenomena we consider a non zero rest position of the springs. However, we assume 
that this off-set is compatible with the symmetry of the structure. Denoting by u0 the magnitude of the 
geometric imperfection, eq. (2) becomes [11] 
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which is the governing equation considered in the following. The associated kinetic and potential energies 
are, respectively, 
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3. Overall dynamical behaviour 
In this section we investigate the main dynamical issues of (3), paying major attentions to the aspects 
which will be needed in the application of the control. The phase portraits of the undamped (  = 0) 
unforced (F = 0) eq. (3) can be obtained by the energy equation .constVT  The safe potential well 
around the position u=0 is always bounded by homoclinic orbits, which are reported in Fig. 2a in the 
perfect case (u0 = 0), and in Fig. 2b in the imperfect case ( 20 = –1°, i.e. u0 = sin 20 = –0.01745). 
 
(a)        (b)  
Fig. 2. Homoclinic orbits of (3) for  = 0.7,  = 0.6546. (a) Perfect case (u0 = 0); (b) imperfect case (u0 = –0.01745) 
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The area inside the homoclinic orbit is strictly related, in the absence of dynamical excitation, to the 
safety of the equilibrium position, and the larger is the area the safer is the stable state of the system, since 
it can undergo larger perturbations before escaping from the potential well. From Fig. 2 we see that the 
addition of a geometric imperfection reduces the area, although not to a large extent, and so we conclude 
that geometrical imperfections not only diminish that stability threshold, but also the safety of the 
equilibrium for a given axial load. 
3.1. Homoclinic orbits 
For the development of the control method, it is important to have an analytical expression of the 
homoclinic orbit surrounding the safe potential well (Fig. 2). Denoting ),()( 2 uuTuut , which is valid 
when F = 0, this expression can be obtained starting from the total energy )()( 2 uVuutH , which is 
constant in the absence of damping. Since homoclinic orbits approach the saddle as time tends to plus and 
minus infinity, they have the same energy )( saddleuVh  of the saddles, which is known. By equating H 
with h, the equation that describes the homoclinic orbit uh is obtained. Solving this equation for hu  one 
gets: 
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h
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Integrating this equation provides: 
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where “limit” is the maximum u-extent of the homoclinic orbit in the phase space. It is the non saddle 
solution of )( huVh . The time history of the homoclinic orbit obtained by (6) is reported in Fig. 3. 
 
 
Fig. 3. Time histories of the homoclinic orbit of (3) for  = 0.7,  = 0.6546 and u0 = 0 (perfect case) 
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3.2. The global bifurcation 
Equation (3) is a particular case of the more general equation 
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where  is a small non-dimensional parameter which measures the magnitude of damping and excitation 
and which has been introduced to stress their smallness. )(ut  and )(uV  are the derivatives of )(ut  and 
)(uV  with respect to u, uuC 2)(  is the damping and )sin()( FF  is the external excitation. 
Using information on the unperturbed system ( =0), the Melnikov’s method [18] allows us to measure 
the minimum distance between the perturbed ( 0) stable and unstable manifolds of the saddle, which in 
the unperturbed case coincide with each other along the homoclinic orbit. It consequently provides a 
criterion to determine when the intersection of the two manifolds first occurs [19]. The critical harmonic 
excitation amplitude Fcrh at this first intersection corresponds to a global (homoclinic) bifurcation, and 
can be calculated using eq. (7) and the Melnikov’s function [18]. It is given by [11] 
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2
2
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The coefficient 2(1) is a particular case of a more general coefficient 2(j), which is needed in the 
control method (see Sect. 4). The expressions of 1 and 2(j), obtained by direct manipulation of 
Melnikov function, are 
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Their expressions as a function of  are reported in Fig. 4. 
 
 
Fig. 4. The parameters 1 and 2(j) (for j=1) as a function of  for  = 0.7 
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3.3. Bifurcation diagrams and behavior charts 
To understand the overall dynamical behavior, which is propaedeutic for the successive application of 
control, use is made of bifurcation diagrams obtained by numerically integrating (3) for fixed values of 
the parameters and for increasing values of the load F. An example is reported in Fig. 5. 
For increasing F the equilibrium position becomes the small amplitude, non resonant oscillation P1 
(Fig. 5). It loses stability and disappears at a saddle-node (SNA) bifurcation, where an unstable path goes 
back to connect, via another saddle-node bifurcation (SNB), to the large amplitude, resonant oscillation 
P1 . This coexists with P1, and for growing F loses stability at a period doubling (PD) bifurcation, where 
a period-2 oscillation P2 arises. It undergoes a classical period-doubling cascade (barely visible in Fig. 5 
since it occurs in a very narrow band), which ends with a boundary-crisis (BC), where the last attractor 
disappears as a consequence of touching the boundary of its basin of attraction. 
 
 
Fig. 5. Bifurcation diagram for  = 0.7,  = 0.5456, u0 = 0 (perfect case) and  = 0.01. 
The coexistence and competition of resonant and non-resonant oscillations, and the presence of the SN 
bifurcations delimiting their range of existence, mean that we are in the neighborhood of a nonlinear 
resonance of the system [20], i.e. the region where we have the most complex oscillatory behavior. Note 
that this occurs in the neighbourhood of an  = e/ p value (0.654653 for the perfect model, see Fig. 6a) 
which corresponds to the fundamental parametric resonance e = s of the sdof model (being s = 
p [(1/ )–1] for the perfect one) [11]. Building several bifurcation diagrams like that of Fig. 5 it is possible to build the behavior chart of Fig. 
6, which collects the information on main local bifurcations, and where the homoclinic (global) 
bifurcation threshold obtained by (8) is reported, too. The classical triangular region of co-existence of 
resonant and non-resonant oscillations, further confirming the presence of the nonlinear resonance [20], is 
observed in both perfect (Fig. 6a) and imperfect (Fig. 6b) cases. The upper vertex of this triangle 
coincides with the lowest vertex of the V-shape escape region, where there are no more attractors in the 
safe well and the dynamics inevitably escape from the potential well. 
The global bifurcation occurs, as expected, for load levels lower than the escape loads. At this point, in 
fact, begin the unwanted dynamic phenomena that initially entail the erosion of the safe basin and, after a 
sequence of subsequent dynamical events, finally lead to escape [14]. 
When comparing Figs. 6a and 6b, we note that the global bifurcation threshold is slightly lower in the 
imperfect case, while the escape region looks only shifted laterally due to the geometrical imperfection. 
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For  values close to that of the vertex of the escape region (where we have the smallest distance 
between homoclinic bifurcation, triggering erosion, and escape, ending erosion), soon after the 
homoclinic bifurcation there is a marked erosion rapidly followed by escape from the safe well. Therefore, 
it is right in this neighborhood that control is mostly needed. 
 
(a)  
(b)  
Fig. 6. Behaviour chart in the fundamental resonance region.  = 0.7 and  = 0.01. (a) perfect case (u0 = 0); (b) imperfect case (u0 =     
–0.01745) 
4. Control of Chaos 
Among several existing control techniques, one which consists of modifying the excitation of the 
system by adding a superharmonic force to a basic harmonic excitation is a technique of low 
computational cost and very viable [15, 21-23]. The method consists of looking for the excitation which 
avoids, in an optimal manner, the intersection of the stable and unstable perturbed manifolds, and 
comprises the following steps: 
1. determination of the homoclinic bifurcation (critical excitation amplitude), e.g. by the method of 
Melnikov; 
2. analysis of the dependence of homoclinic bifurcation on the shape of the excitation, i.e. on the 
controlling superharmonic terms; 
3. formulation and solution of the mathematical optimization problem, which consists of determining 
the theoretical optimal excitation that maximizes the distance between the stable and unstable manifolds 
for fixed excitation amplitude or, equivalently, the critical amplitude where the global bifurcation occurs; 
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4. numerical implementation of optimal excitation needed to confirm the theoretical predictions and to 
verify the feasibility and performance of the control technique. 
Following this procedure, the excitation is taken in the form: 
 
n
j
j
j j
F
F
FF
2
)(sin)(sin)( , (10) 
 
where Fj and j, j=2,3,…, are the amplitudes and the phases of the controlling superharmonics, whereas F 
is the overall excitation amplitude. 
Computing by the Melnikov method the global bifurcation thresholds without and with control, and 
comparing these two values to ascertain the effect of control, one obtains: 
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where (see (9) for the expression of 2(j)) 
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F
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The aim of the procedure, as shown in [23], is to obtain the lowest value of 1m  that leads to the 
largest (optimal) value of Fcrcont. Thus, the optimization problem can be written as: 
 
max{G} by varying the Fourier coefficients hj and j, j=2,3,…n. (13) 
 
The solution of the previous problem, which is independent of the specific mechanical system, is 
obtained in [21, 22] and is reported in Tab. 1. 
 
Tab. 1. Results of the optimization problems with increasing number of superharmonics 
n Gn h2, 2 h3, 3 h4, 4 h5, 5 
2 1.4142 0.353553,    
3 1.6180 0.552756, 0.170789, 0   
4 1.7321 0.673525, 0.333274, 0 0.096175,  
5 1.8019 0.751654, 0.462136, 0 0.215156, 0.059632, 0  
... .... ... ... ... ... 
 2 1,  1, 0 1,  1, 0 
 
By using the values of Tab. 1, the magnitude of each controlling superharmonic is simply given by: 
 
)(
)1(
2
2
j
FhF jj . (14) 
 
The column of gains Gn in Tab. 1 allows us to observe that, in general, the gain increases with 
increasing number of superharmonics, as expected. The last line presents, for comparison purposes, the 
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values of the optimal gain G  and of the optimal coefficients hj considering an infinite number of 
superharmonics (i.e. a completely free periodic shape of the excitation). These values represent the upper 
bound of optimal solutions. Comparing Gn with G  it is possible to conclude that even using a limited 
number of controlling superharmonics it is possible to obtain quite satisfactory results, at least from a 
theoretical point of view. Actually, checking the practical effectiveness of the theoretical results of Tab. 1 
constitutes the object of the next section. 
5. Numerical Verification of the Control Effectiveness 
In order to consider the simplest case, we use only one controlling superharmonic, n=2. This is 
sufficient to check the effectiveness of the method, since better results are of course expected using more 
superharmonics. In the numerical simulations of this section we consider  = 0.7 and  = 0.01, which are 
the values used in Fig. 6. 
The performances of control in reducing the fractal basin erosion are first shown in Fig. 7. The left 
column shows how the erosion develops in the case of harmonic excitation. For the same values of F, on 
the right column, we note that the erosion in the controlled case has not yet started. The beneficial effects 
of control are remarkably visible in Fig. 7c. 
 
 
(a) 0.018 
 
(b) 0.026 
 
(c) 0.03 
Fig. 7. Basins of attraction for uncontrolled (left column) and controlled (right column, F2 = 1.1605F  and 2 = ).   = 0.5456,  = 0.7,  
= 0.01 and u0 = 0 (perfect model) 
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By building many basins of attractions like those of Fig. 7 it is possible to construct the so called 
erosion profiles [9], which report a measure of the basin dynamical integrity (i.e. of the safety of the 
structure) versus the increasing excitation amplitude. We consider two different integrity measures [9]: 
the GIM, which measures the entire safe area, and the IF, which measure the radius of the largest circle 
inscribed in the same area safe. In both cases, the integrity measure is normalized with respect to its 
magnitude for F = 0. The IF has been introduced to rule out from the integrity measure the fractal parts of 
the basins, that clearly do not contribute to the safety of the structure, even if they may have a large area 
(and thus a large GIM). 
In the case of the perfect model (u0 = 0) we consider  = 0.547; this corresponds to the lowest escape 
load, and consequently to the most dangerous situation (see Fig. 6a), and to Fcrh = 0.018204. Using the 
optimal values h2 = 0.353553 and 2 =  provides F2 = 1.1694F. 
The IF integrity profiles are reported in Fig. 8a for both the controlled and the uncontrolled case, while 
the GIM integrity profiles are reported in Fig. 8b. These curves clearly show that the theoretical gain of 
about 40% is substantially confirmed by numerical simulations. There is an unquestionable gain due to 
the addition of the single controlling superharmonic to the harmonic excitation: the erosion of safe basin 
in the controlled model starts later (see Fig. 7), increasing the magnitude of the disturbances that the 
structure can undergo without practically losing its stability and consequently its safety margin in a 
dynamic environment. 
 
(a)  
(b)  
Fig. 8. Integrity profiles for increasing load.  = 0.547,  = 0.7,  = 0.01 and u0 = 0 (perfect model). (a) IF; (b) GIM. In the 
controlled case F2 = 1.1694F and 2 =  
 
Looking at Figs. 8a and 8b we conclude that in the present case IF and GIM are comparably able to 
reliably catch the system safety, contrary to what happens in other situations, where GIM overestimates it 
[9]. Likely this occurs because we have a strongly softening system. In fact, in weakly softening or in 
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hardening systems, GIM (which considers the fractal part as safe) often overestimates the real safety of 
the structure. These points also hold when the control is applied, since it does not modify the global 
behaviour of the system. Thus, both IF and GIM detect the performance of control. 
With the imperfect model (u0 = –0.01745) we consider instead  = 0.505, which is still the worst 
situation (see Fig. 6b) and which gives F2 = 1.1312F. The associated integrity profiles are reported in Fig. 
9, which further numerically confirm the theoretical predictions. 
 
(a)  
(b)  
Fig. 9. Integrity profiles for increasing load.  = 0.505,  = 0.7,  = 0.01 and u0 = –0.01745 (imperfect model). (a) IF; (b) GIM. In 
the controlled case F2 = 1.1312F and 2 =  
 
A direct comparison of the IF and GIM results obtained for the perfect and imperfect models (Figs. 8 
and 9) is not completely correct, since they correspond to different values of the excitation frequencies, 
sharing however the property of being the worst situation, i.e. the case in which the control is more 
needed. Yet, an overall picture is reported in Fig. 10, where the same normalization (that of the perfect 
model) is used for comparison purposes. As expected for a system liable to unstable bifurcation, there is a 
loss of integrity due to geometric imperfection – especially captured by the GIM –, which clarifies the 
deleterious effect of imperfections on the load carrying capacity of the structure. However, the control 
strategy uniformly increases the safety of the structure by increasing the safe region of the basin of 
attraction. This means that, at least in the present case, the performance of control does not depend on the 
geometric imperfection. This is a consequence of the fact that in both the perfect and the imperfect case 
the underlying global bifurcation, which the control is based on, is a single homoclinic bifurcation. 
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(a)  
(b)  
 
Fig. 10. Comparison of the integrity measures GIM and IF for the perfect (original and controlled) and imperfect (original and 
controlled) models 
 
6. Conclusions 
In this paper a method for controlling nonlinear dynamics and chaos is applied to a mechanical system 
liable to unstable buckling behaviour, a simplified model of a guyed tower, with the aim of increasing the 
load carrying capacity, or, equivalently, the “practical” stability threshold. In fact, due to the complex 
interactive buckling behavior the system fails at load levels well below the theoretical critical load of the 
perfect system. In addition to this, recent studies have shown that, in the imperfect case, in a dynamical 
environment the “practical” stability threshold is even lower (possibly much lower) than the theoretical 
one, so that any effort to improve the load carrying capacity is welcome in design. 
After having summarized the main features of the control method, which has been developed 
elsewhere, it has been applied to the considered mechanical system, both in the presence and in the 
absence of geometrical imperfections. 
The results of extensive numerical simulations show that the methodology leads to an increment of the 
integrity of the basins of attraction in the excitation ranges where the erosion takes place, thus increasing 
(i) the performance of the system in a dynamic environment, and (ii) the “practical” safety and thus the 
122   Stefano Lenci et al. /  Procedia IUTAM  5 ( 2012 )  108 – 123 
load carrying capacity. Furthermore, the simulations show that the theoretical predictions are confirmed 
by numerical simulations, as the practical starting point of the erosion increases according to what can be 
foreseen by the solution of the optimization problem involved in the control method. 
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